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|
B\’ (0,25,.)
— =B, (03,)
9 Y

(proof o be condinued).




lechure @ (23/40[304% )

Pmnx .J; O?m Mcﬁ_?fﬂg T~p\€orem ( Conl-\’kuu:l)'_
ln dhe Previous QEC{‘MQJ wWe. ‘P\outl ffclcjnecl Yhis Pﬂiﬂ"r n 348{’ { Oﬁi the ?mog

In, €N, st. T(B)ﬂfn’“")) 2 B‘I (0,7,), %or some 1, 20

o, T (EX (0,4)) = .-:—u T ((Exfo,nu)) 2 =~ . B o5)= B, (o, ﬂj-_—

N ]

]

Thes, 31§,>0 st T(Bxfo,l)-) £ BY(O’%**)‘

Leh us mow wove o b Sl L o the ffoozs; we will show thak
T(8,004)2 B, (0,% ) -

Lek ‘3-6% (0}%.>. We wort do shew ot ye i1 Ge)s %’or Some Réﬁgx(ori),

Y



\mlf_e,cﬂ, b\a 5’@ LW B‘j (OJQ%-) < ;F(BX(D}%)) )

SO N € T(B(o )

so ¥ xi-E 'E)x (Q, %_) e “\&,“ TG{’)\\ 4

— o

e,y Mx i< =

2

Bjskfil B[a

-y ¢ T(5eg)

o 3 %< Bxfo,;—r) posde 1 y-To
PRSI

e, Ikl < ';T"z

= Tf)(ﬂ)“ < L

)

-

2?(.

e,y Tla) € E’,\| [uj%;)

v 01%) = T(® (013_;)) .:

D)
\2,
1€ . }‘3 -[(‘K.'\ TC‘K':.)EB
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el , 3x,eB (o, L), s+t “3-'[641) - Tog) ~... = TCx)N

b s obvious Hthat, dor +he Sequence (Sﬂ)ﬂ{N n X sk sp=Xrovx, nelN
we howe thok 'T(S..,')"—’j:

3, ,
“"3" TGHl - l\-j- (T(-xi) + TCxg) ... t TCx,.,))\l:. \\B-Ttxf.)—’r(xa)“ e T 1L i‘;i SErE

We xU't-o.ﬂ. SLouJ Frat D =N ) gor SoemMe X< BK G‘.’),il Tﬂ\m, we u.J':Qi be &:me mii‘l\
ijef 3.’. %j w‘f‘r'l-iﬂuil‘a 4 T )y we mim g\o_ue %q'\' T(‘Sﬂ) —— T(‘ﬁ], uml ) l:oa.
m‘:c‘ueneqs Dg ererS i) mer‘f‘ic EFQCESJ ‘tﬁ: TGQ) \OC@.

N a7 Lr SsMe x«eX:



(S“)ﬁem s a Co.udua, SeQURNCE ) X, as, ’%«r ol ~>m
|

5
lsq-sqll= “Kmﬂ t... A X | S \\xmﬂ\\* ik Ml 2 5;:1 4ot Eﬁ ml“M; O

Sn, simee X is a Bc:mmcjx '5?43(.2__, lxe)( 5-4.. Sh T X,

* X € BX (0,1)‘.

™
for all neN, Nsnllz Mx+o ol S mwg o gl + ik, g <ix,li 51 —;—F <lixyfl 4 3": )
—
So Ilu{\\:};n:“ Ns N <20, |\ + —3 < i:. 1\ %: A

O, Dtep 2 is u:rrn?lerlﬁ (note thal the injreclfe.n-\s im this 55@? were thal Tis lnear
um:l Cﬂﬂkﬂdb‘u‘i) ClﬂCl Jr"lct-l' X is Bﬁﬂﬂtﬂu)‘

\DQ nNow gi-qis‘\, \:a. anfﬂe-‘nﬂa, SJ'QP 3 P 'll‘?.)( open == —Tﬁl.) "-'?U‘l N \’



Indeed, Lk WEX open. Lek SQT(u)_ We want to show thek, for seme o,
B, (’ﬂr‘”r) STCW).  Indeed , yeTW), so y=TCx), £or some x€ W

T(Bﬁ(;ﬁ;ﬂ)
&
x)
()
%V ﬁ' () r ’)

Unpen n XJ so Fr>0 sk. %xfi,r) < U

Sﬂ, T(Bx(mr)) < T(W)
e~ S-lePi,

i
T(x+rBy(0/4)) = To)+r T (B, (0,1)) 2 T+ = B, ©,% )-8, (10, rSij
= B | "%n
v(‘b 3 3




Thas, g‘i (3, % S T(W) . Siqee Y was o cw‘bijwm'& ellement J[ TOW), Hhe ?rovg

s Cnm?Q@\Q
(e Mhak 0 Sk 3 of Hhe proof, e oy imgrediorks we vsed were the Rncariy
ﬂ'%' T l:l*'\ﬂl\ ?rnr&r‘kﬁs ﬂg— ﬂﬂT‘fﬂS‘).

The OPEI\ W??{ha, Tﬂ\eovem 'p\u‘; an ‘rmediate coro@awﬁ . that a conkinuous
ﬂf\mr *rm? \bejtur_ﬁn mnac& Spaces H\g—l s A4 ocncl surjeckue, s o ﬂ\gmeﬂ'mﬂng\igm;

C*‘-“““QJ“‘%: Lek (X:“*“)(J, (l’:. "*"q) be BG“UC-RL Spaces. Led T: (X}“-“x)‘_’"(\ﬂ“‘“v)
be Qlﬂwr, l)uuﬂt;f.d} Suritc‘ciue nmc:.l =Ll
T‘?’\E_"Y‘l ‘Trl s Lﬂw l.'IﬂA\ \thﬂA&cl.




Pﬂu_%_: Simce T:X —VY s I-4 and mrjecliue, q { — X s weﬂ-cle-’;me.cl.
R cﬂwrﬂj Bnear. To show 4hat T is bounded, i-e. combimuous,
we will show thot it iverts open sels o open seks
\ndeed, Let WEX open. Then,

(T) (W= fye¥: Thep eUY= fye¥: yeTaADY = TOW,

wu\icg\ \S n?en N ‘L as | is open, b’j the OFen Mctfﬁainta Tg\twﬂm

U‘S’ina, ‘\‘hﬂ u.bmre coroQg.ﬂ‘-r% *’% ‘H\e OPQD Mu??iﬂta Tl‘\ﬂnrem, we miﬂ wﬁiﬂn ?fﬂkfﬂ

the d.osecl, GJ‘CIFP\ TE’\E&\'&I’I": leﬂ %e wrnnlur:j q’;auﬁ, -W'\E, C,O.DSQJ GIOCF"\ Tq'\torﬁ'm
enswres -“-\e. wnknui*la, og some ﬂinﬁur 'rnntp un&tr ce,r*uiﬂ Cbﬂ:\il:im?.



(o sed Ctru?ﬂ\ Theorenm - Lek (X’“'“X) , (\Lll- “‘/) both be Banach Spaces.

Lex T: X—Y be a Lineor map. Sufr}i)cﬁ@, Uhat the
aru?l'\. 0& T v QQDSQA in (XN\I’“‘“XK\I)* _[Q\f.n,

T s bm.m&fcl.

/1N We define 1 = Il +hgly or all (e XY, ks very easy o

>te H\ﬂ}t ( Y.'x\f ) u*"XxV) v Q nm-mecl ‘SPHCE.

lew, \33 the Ae%q;km 4 \L“XKY . we hove that } ,’iﬁr O SeoUeNCe

[(%mjﬂ))nﬁmiﬂ X‘r‘f ) (ﬂ..-.}'jﬂ) - ? L\c,\j) e X, — X omcl \jﬂﬁ‘g, )

- 1) -

%xxY X Y
ﬂtﬂCl (x : X i .
( ﬂl‘jﬂ))“em (.uucl\a, N D( KL"“'“KK‘[) <= d( (\'ﬂ*’r‘;ll\) C{:i\f\ﬂ/ n (;;,l\““:;.))
L, Al W) ) 1lly /.



Therefore, f ML) and (I are Banach, Hhen (Y, 1l ) s Banach.

Note Hhad 4his s mﬂ'ﬁ w‘“ﬁ we use this Farchﬂur norm o XxY 1 so Hhal
beumiour in XxY s erﬂjﬂeo!. l)ra, beﬂmiwr 01 X aml N \’
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Josed Graph Theorem = Lek (614, (4,01) be Bonach spaces, and

T x— Y « Lneor e \2 the %r“fﬂ\ \(7) ‘4 T s closed v (‘X‘FY? "'"XK‘{)-’
then T is bounded.

Qbsema%\m; The losed G.mrpt Theorem Si'm?Qi%es o ot the ssual criferion o check
mknmi)t\d_ v\t wnveujence cvg- Stqueﬂc:'&% (o;? OArSe “”ij uuq\en the cmclﬂ:\‘ms at?- the
—\!nveorefn are Sﬂ{-{s tc“ uoxe 'Pfedseab:

hon T: X — 3 is & Junckion bekween the mormed spaces (X, 10 ) and (YiLll),
Yhen i+ is wmiimusus i~£-_

| “.A Il-ll,f
whenever (xq) cpy 0 X s st xa —3x for some xe X, dhen Tlx,)—T&).



loueer, when we also know thal T is Lmear ond (1M ), (Y, 105) are both
%‘?n"“}i Spaces Yhen ‘cj the Cﬂgsd Gro‘?ﬁ\. Tﬂten'rem_, T s wnHnuous L’g(

the va,l\_ t(T) a:? T s dosed in (Xx\f,“'“xﬂ);

Le. whenever ((x,,,mnﬂ) . in (CT) s s4. (x,.,f\'ix,.,)) " > (‘:c,\j) :Fw some
ne .

(e 4)€ XxY, dhen (€ TCT) (& y=Tx)).

Le. whenever (%n “ENM X s st- X, -nl—l;?: ‘xo-r Some x€ X and TCx,) r«a_ {« some

54_\1, then Y TG,

e whenever (‘ﬂq)ﬂﬁm X i sk A "'l'n—"x %or Somne xey and. _:[(%n) cmuergeﬁ By \’ l-’

X }

hen TGx,) W it ol i b\"la'l,,ﬂaﬂ_ Cri"erim!
)|




This meons thad, when we Jrrj Yo show Yhat a map T: X 24 s conkinuous ohen 1te
condiKioms o:? the (losed Gtruph Theorem ase suﬁs-?{(ﬂ) we @n start e usual oy

tolke (‘ﬁﬂ)ﬂem N X with TS ﬂlawr seme x€ X, and show +hat TCxﬂ)—"—}l—:TCx)
X

bud *")is Hme assm;ﬂ% thad FT(?‘“) Dﬂ“ﬂertbes Fm“’ , qumamﬂ, e mnu.q.cl s}mm
(o) that T(x,) cmfwe;-sﬁj S|
(b) Yhad its QmeJf s (&)

Under the condibions og the (osed Gm‘i Theorem , we ase allowed 4o assume
(50: Olﬁ(l e ‘moj ﬂel.ﬁl ‘{'D Splml) (b) ﬂﬂ& uﬁxmw‘nb (n) u?\un.o.ﬂj S’f'npu.!glfs 1‘*135

a et
_?rw‘e ‘34 Jr?_\e (Uosed 9‘_’{301 Theorern : T(T):{(K.Tf‘ﬂ);x&X} is o subs?ucﬁ ojj KxY

bdeed , ¥ 060, Tex)) , (xg, Teg)) € TCT), (T + (x,, Ttxg)) = (xitxq) Toxe) + Tlxg) )=
o (¢ ey, Tlrtng)) € (T,




and M swﬂms A ond b‘(}c}'(m)é f(T)J 3*(}:}1(&]) = (Qx | }T(ﬂ): (ﬁxﬂ@ﬂ)éfﬂ)_
Note hat gor Yis we Rowe chG used Yhad Tis Lmear

Row, (KM ) o (%00y) are Banach , s (Xx, Kll,, ) is Banadh.

Se, D i a %ﬁf sabspace of the Banach spoce (iju-um) , 5o
esudpbion
(FC0, M) s Ranach /%WJL - Banach
We define the profeckom. ¥ (r('r)_.,wl\m) — (X,00)

("{}T(-:c')) — X

P s CﬂQO.I‘Qj Qiﬂeur} sw&eckiue and A-4 K is aﬂ5a bm.mc\etl':
\\P(\(,T(v))l\xz ey & lly + ATeolly < \\(xJTm)HV N (x,Teo) € (T) .
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iz (“)“xw S E e X

\
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<+ IleﬂﬂY
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N NV—

“ Thas, T s bowded.
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A uou.3 o show dhad (X at “X) s Mot T?.)anud\ s o wnstrudt o Qineow Map

1)

O — (1) &e o Banach space (Y1l ), st the

qaph of Tis osed buk Tis ned bounded . This will mean Hhak Hhe
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Ltl.ﬂ'r\tr‘t \'ﬁ &1"1&‘:‘\

(Ci((o,al) }\\-s\m) s not  Ronach (on o A

.—DG{Q Hradk Ct (fO,i] ) g {£ {o,0) — R : £ cltﬂmen{uboﬁ. q_ncl gfcgﬂ“:\ﬂw.‘ﬁ'}.

J
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Mo packiaullorly, e idem is b undectond o nocmed spae X dhrough b

gwﬁc{{maﬂs} e the Space X*: {£ X —R Uimear ot.nck bﬂﬂﬂdﬁlj

3
whnUuous

we howe seen anm e'x?reSSim a-,g s idea, via +he l?aclc that
ceX s bounded o £00) is bounded, 94X |

T qca\ieue, the aboxe) R ceﬂsicltr —W\e fmd.ulﬁjf %?oﬂoag on X sk emL :QQX*
s shil @ conbinuous gmc‘cim, Le. the srallest ’Ib?oﬂb-ﬁ on X Ahal @miming the
*
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